The dispersion of linear waves in a uniform cold quantum plasma is derived using the quantum hydrodynamic equations with the magnetic field of the Wigner-Poisson system. The dispersion of the Langmuir wave becomes whistler-like due to quantum effects and, therefore, the Langmuir wave can propagate in a cold plasma. It is also found that quantum effects do not affect the dispersion of the left-handed, right-handed, and ordinary waves.
I. INTRODUCTION
As a new emerging area in plasma physics, quantum plasmas have received attention and pertinent research activities have been expanding in recent years. Quantum effects appear in ultrasmall electronic devices, 1 dense astrophysical plasmas, 2,3 and laser plasmas. 4 Significant progress has been made in tackling issues related to quantum drift waves, 5 quantum plasma echoes, 6 quantum Landau damping, 7 modifications in the Debye screening of quantum plasmas, 8 quantum corrections to the Bernstein-GreeneKruskal equilibria, 9 as well as quantum corrections to the Zakharov equations. 10 In quantum plasmas, since the de Broglie wavelength of the charge carriers becomes comparable to the spatial scale of plasma system, quantum effects are expected to play a crucial role in plasma dynamics. The Wigner model and Hartree model are often used in quantum plasma research. The former describes the statistical behavior of quantum plasma by using the Wigner-Poisson equations, whereas the latter describes the hydrodynamic behavior by using Schrödinger-Poisson equations. The classical kinetic and fluid models of plasmas can be recovered when the quantum effects are ignored. The quantum hydrodynamic ͑QHD͒ model that deals with the transport of charge, momentum, and energy has been applied to semiconduct physics. 11 Using a nonlinear Schrödinger-Poisson model to describe the dynamics of quantum plasmas, Haas et al. 12 derived the dispersion relationship for the two-stream instability and identified a new pure quantum branch. The stationary states in the Schrödinger-Poisson system were also studied. Based on the Wigner-Poisson dynamical equations, Anderson et al. 13 formulated a statistical multistream description of quantum plasmas. A Landau-like damping was found and proved to suppress instability of the one-and two-stream type. Haas et al.
14 used the one-dimensional two-species QHD model to study the linear and nonlinear quantum ion-acoustic waves while neglecting the thermal pressure effects for the more massive ions. Quantum magnetohydrodynamics, the QHD with magnetic field, was used by Haas et al. 15 to establish the equilibrium conditions, and the importance of magnetic field was demonstrated. Using quantum magnetohydrodynamics, Shukla and Ali 16 obtained a new dispersion relationship for electromagnetic drift modes in a nonuniform cold plasma. They also gave numerical results that are relevant to dense astrophysical objects. However, the basic linear waves in quantum hydrodynamics with magnetic field have not yet been studied. An investigation of linear waves in the context of quantum magnetohydrodynamics reveals the roles that quantum effects play and can facilitate the study of linear instability in quantum plasmas. In this paper, we derive the dispersion relationship of linear waves in cold quantum plasmas following the procedures described in Ref. 17 . The new dispersion relationship with quantum effects corrections for some types of linear waves shows that the quantum effects are significant, for example, in dense astrophysical objects where the wave number is equivalent to the de Broglie wavelength. We derive the tensor , which is referred to as the dielectric permeability of the medium. With the help of tensor , the dispersion in most plasma linear waves can be obtained easily. In particular, we study the dispersion of several typical linear waves such as the extraordinary wave ͑X wave͒, the Langmuir wave, etc.
The rest of our paper is organized as follows. In Sec. II, we apply the quantum hydrodynamic equations with magnetic field 15 to calculate the dispersion of linear waves in a uniform cold quantum plasma with nonzero external maga͒ Author to whom correspondence should be addressed. Electronic mail: wuzw@ustc.edu.cn netic field. Our results show that quantum corrections to the dispersion are significant when the quantum wavelength of the particle becomes comparable to the wavelength of plasma linear waves. Specific discussions about the new dispersion of the Langmuir wave and the X wave are presented in Sec. III and a brief conclusion is given in Sec. IV.
II. ASSUMPTIONS AND EQUATIONS
We consider a uniform cold quantum plasma comprising electrons and ions. We assume that the plasma is immersed in an external magnetic field B 0 = B 0 ê z . The basic bipolar quantum fluid model is 15, 17 
where n ␣ , u ␣ , p ␣ , and m ␣ are the number density, the velocity, the pressure, and the mass of ␣-type particles, respectively; E is the electric field and B is the magnetic field. All the quantum effects are represented by the ប-dependent term in Eq. ͑2͒, which is called the Bohm potential term. 12,14-16 If we set ប equal to zero, we obtain the classical hydrodynamic equations. Since we assume cold plasmas, we ignore the thermal pressure term in Eq. ͑2͒ by setting p ␣ = 0 and assume that every quantity ͑representing n ␣ , u ␣ , E , B͒ has the following form:
where 0 is the unperturbed value and 1 Ӷ 0 is a small perturbation:
Plasma equilibrium is assumed, E 0 =0, u ␣0 = 0, and k = ͑k x ,0,k z ͒. We can obtain the basic linearized equation in a homogeneous quantum plasma,
where
Taking into account Eq. ͑5͒ and the expression of k, we obtain the following equation:
The three components of the fluid velocity can be written as
where c␣ = q ␣ B 0 / m ␣ is the Larmor frequency for ␣-type particles and f = c␣ 2 − 2 − gЈ c␣ 2 k x 2 , gЈ = g / ͑gk 2 + i͒. At the same time, the current density and the dielectric permeability of the medium are given by
According to Eqs. ͑8͒-͑10͒, we obtain
where where N = kc / and is the angle of the wave vector with respect to the z axis, which is given by tan = k x / k z . The linear waves in magnetized plasmas can be resolved into two components by the direction of wave vectors: parallel and perpendicular to the magnetic field B 0 . Studying the two basic components will help us to better understand the behavior of the waves, without loss of generality.
A. Parallel model
When the wave vector k is parallel to the magnetic field B 0 , we have k x =0,k = k z , = 0. Therefore, Eq. ͑12͒ becomes 
That is,
has two solutions. The first one is simply
Taking into account the expression of 3 in Eq. ͑14͒, we obtain the dispersion relationship
͑17͒
Inserting Eq. ͑6͒ into Eq. ͑17͒, one can get
is the quantum wavelength of ␣-type particles. Equation ͑18͒ shows the dispersion of the Langmuir wave in quantum plasmas. When the quantum effects are neglected, viz., q␣ → 0, the classical result is reached:
which is the dispersion relation of the electrostatic oscillation. Further discussions about Eq. ͑18͒ will be presented in Sec. III. Now we turn to the second solution,
which leads to
This is the dispersion of the left-handed wave ͑L wave͒ and the right-handed wave ͑R wave͒, respectively. From the expressions of 1 and 2 in Eq. ͑14͒, we conclude that the dispersion relationship of the L wave and R wave are the same regardless of whether quantum effects are neglected or not.
B. Perpendicular model
When the wave vector k is perpendicular to the magnetic field B 0 , the parallel component of the wave vector k z = 0 and k = k x , and = / 2. Equation ͑12͒ is reduced to 
Here, we have
which also has two solutions. First, we have
which is the dispersion of the ordinary wave ͑O wave͒. Without quantum effects in the expression of 33 in Eq. ͑23͒, it is obvious that the dispersion of the ordinary wave, as well as of the L wave and the R wave, remain when quantum effects are taken into account. The other solution of Eq. ͑24͒ is
which is the dispersion relationship of the extraordinary wave ͑X wave͒. To illustrate the quantum effects, we substitute Eq. ͑23͒ into Eq. ͑26͒ and only keep the electron terms. We obtain 
III. DISCUSSIONS
In Sec. II, we obtain the dispersion relationship of five kinds of linear waves. In this section, we examine the effects due to the electron quantum wavelength when the external magnetic field is constant, using the dispersion of the Langmuir wave and X wave as examples. Ignoring the ion terms and considering only the electron terms in Eq. ͑18͒, we have 2 = ͑1 + qe 4 k 4 ͒ pe 2 . ͑29͒
The dispersion relationship has be obtained in Ref. 18 , and can be recovered from the result in Ref. 12 . The Langmuir wave now can propagate in a quantum plasma. The classical Langmuir wave without thermal pressure modification is just electrostatic oscillation, in which the phase and group velocities are both zero and thus cannot propagate in plasmas.
Here, quantum effects represented by the Bohm potential term in Eq. ͑2͒ can induce perturbations in the electron number density similar to the thermal effects and make the Langmuir wave propagate. The group velocity can be written as
while qe 4 k 4 ӷ 1. This means that the group velocity increases with higher wave frequency so that the dispersion property of the Langmuir wave is similar to that of the whistler wave. Due to the expression of the electron quantum wavelength qe , we have
where the quantum effects correction is significant. Setting N equal to zero in Eq. ͑27͒, we obtain the cutoff frequency of the X wave: 
062102-
where F͑M͒ is a constant determined by external magnetic field B 0 , the equilibrium number density of the electrons n e0 , magnetic permeability of vacuum 0 , and the speed of light c. Setting Y equal to zero in Eq. ͑33͒, we obtain the value of X as a function of the parameters F and M.
To show the applications of the quantum effects, we evaluate Eq. ͑29͒ and Eq. ͑33͒ by substituting some typical values in dense molecular clouds:
19 m e = 9.11ϫ 10 −31 kg, n e0 =2ϫ 10 3 m −3 , B 0 =10 G. Figure 1 shows that dispersion of the Langmuir wave is significantly altered by the electron quantum effects when the wave number k is large enough with qe = 1.52ϫ 10 −4 m. Since the dispersion plot in Fig. 1 obviously changes at ck / pe = 4.0ϫ 10 8 , one gets the wave number k = 3.36ϫ 10 3 m −1 or the wavelength = 1.87 ϫ 10 −3 m. This general condition can be reached easily. When the wave number k reduces or the wavelength increases, qe becomes less than the wavelength and quantum effects decrease. It is concluded from Fig. 1 that only when the quantum wavelength of electrons grows comparable to or bigger than the wavelength of the Langmuir waves do quantum effects become significant.
Classical X wave can spread in two zones, L Ͻ Ͻ H and Ͼ R , and a new X wave also spreads in two zones, as shown in Fig. 2 ͑the first zone͒ and Fig. 3 ͑the second zone͒, respectively. Figure 2 shows that the quantum correction to the resonant frequency of the X wave is so weak that it can be ignored safely in the first zone. Figure 3 describes that quantum effects cannot be ignored but become significant only when the wave number is large enough. Note that the two curves are exactly superposed on each other at low wave numbers, as shown in Fig. 3 . Here, we have ͑ck͒ 2 / pe 2 = 5.0ϫ 10 35 , viz., k = 5.94ϫ 10 12 m −1 . which cannot be reached in general. Therefore, quantum effects on the X wave can be neglected under general conditions.
IV. CONCLUSION
We have investigated the dispersion properties of some types of linear waves in uniform, cold quantum magnetized plasmas. Our analysis is based on the quantum hydrodynamic equations with magnetic field. We derived a new dispersion relationship of the Langmuir wave and the X wave by solving the dispersion equation using the plasma dielectric permeability tensor . The dispersion relations of the ordinary wave, the left-handed wave, and the right-handed wave show no quantum effects corrections. Our results indicate that the quantum corrections have significant effects on the dispersion properties of the Langmuir wave. Due to quantum effects, the electrostatic oscillation becomes a Langmuir wave, which has weak dispersion and group velocity increasing with the frequency . For the Langmuir wave, the quantum effects corrections become considerable when the electron quantum wavelength becomes comparable to the linear waves wavelengths. The quantum correction to the dispersion of the X wave is discussed in Sec. III. Compared to the Langmuir wave, quantum effects do not affect the dispersion of the X wave as much. In our analysis, for computational simplicity, we only considered two types of wave vectors: one parallel to the magnetic field and the other perpendicular to the magnetic field. We obtain the expression of the plasma dielectric permeability tensor , and the dispersion of more complicated types of waves can be obtained without much greater efforts and we will investigate it in the near future. The dispersion of the nonlinear waves in a cold FIG. 3 . The X wave frequency versus wave number in Ͼ R . The dashed curve is the quantum case with quantum wavelength qe = 1.52ϫ 10 −4 m, while the solid curve is the classical result, viz., quantum wavelength qe = 0. In all cases, the electric equilibrium number density n e0 = 2.0ϫ 10 3 m −3 , m e = 9.11ϫ 10 −31 kg, c = 9.0ϫ 10 8 m/s, ប = 1.055ϫ 10 −34 J s. quantum plasma, uniform or nonuniform, is also a subject of future research.
